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We �rst recall the de�nition of a projective space. Let ∼ be an equivalence relation on Ck \ {0} de�ned by
x ∼ y i� there exists λ ∈ C \ {0} such that x = λy. Then the projective space P(Ck) is the set of equivalent
classes of ∼. We denote x̂ ∈ P(Ck) the equivalent class of x ∈ Ck \ {0} and given x̂ ∈ P(Ck), x ∈ Ck \ {0}
is an arbitrary `2-norm one element of x̂. To �x ideas, P(Ck) is isometric to Sk−1/U(1) where Sk−1 is the
k-dimensional complex `2-sphere.

Given a �nite set of k × k complex matrices {Vj}`j=1 such that
∑

j V
∗
j Vj = Id, one can de�ne a Markov

process on the projective space P(Ck) in the following way: Given state x̂n ∈ P(Ck) at time n ∈ N,

x̂n+1 = V̂jxn with probability ‖Vjxn‖22.
Hence, the state at time n+ 1 depends on the state at time n and the randomly chosen matrix Vj . The kernel
of this Markov process is then given for any continuous function f : P(Ck)→ C by

Πf(x̂) =
∑
j

f(V̂jx)‖Vjx‖22.

These processes can be viewed as iterated function systems and are therefore quite singular. For example, for
appropriate choices of matrices, their invariant measure is supported on a set of non trivial fractal dimension.
For that reason the proof of uniqueness of their invariant measure has long remained an open problem. However,
recently, with two other collaborators we used a new estimation technique allowing us to solve this problem.
[1] This proof opens a new door to the study of these processes that are central to the modeling of quantum
optics experiments. Hence their name: Quantum trajectories. It also o�ers a new path to study some relevant
questions concerning iid random products of matrices.

In this internship, we propose to study and eventually improve the proof of [1] with the aim of deriving a
law of large numbers, a central limit theorem and a law of iterated logarithm for these processes. The idea is
to adapt standard techniques developed for more regular Markov chains to our method of proof.

Depending on the student interests several other questions on these processes could be explored, from speci�c
examples to large deviation principles or regularizations of these processes.

This work could eventually be continued during a Ph.D. Thesis in probability.
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